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Abstrat
Among the main hallenges of gravitational wave (GW) data analysis, the non-uniformity
of urrent GW detetor responses is a major onern. Indeed, it strongly limits the
eieny of any network of GW antennas, even though suh ongurations are mandatory
to separate true GW signals from noise utuations. This artile just aims at giving a
omplete analytial desription of GW detetor antenna patterns. Most of its ontents
an be found elsewhere in the literature, but we thought useful to ollet them in a single
plae with additional details, in order to provide an understanding as omplete as possible
of this essential basi feature of any GW network data analysis. The two main types of
GW detetors  interferometers and resonant bars  are onsidered in this artile, as well
as both tensorial and salar GW, the former predited by the General Relativity while
the later ours in alternative theories of gravity.
1 Introdution
Analyzing properly the data provided by GW detetors is as diult and omplex as the
experimental work aiming at operating these instruments at their best sensitivities with the
highest duty yle. GW signals our at random times with waveforms a priori unknown,
whih makes ompulsory the use of several ltering tehniques in parallel to try not to miss
any of these rare events.
In addition to these omputing hallenges (algorithm design, management of large omputer
farms, seletion of potentially interesting events...), another problem makes the analysis even
more omplex: the spatial response of urrent GW detetors is not uniform. Indeed, it depends
on the relative position of the antenna with respet to the soure loation [1℄. Therefore, the
GW amplitudes assoiated to the same signal an be very dierent in distant detetors, whih
makes more diult  and never 100% eient  any network analysis using outputs from
several antenna. Yet, suh methods are ompulsory to validate a real event with a satisfying
ondene level  see e.g. [2, 3, 4, 5, 6, 7, 8, 9℄  as a single detetor annot easily separate
real GW from random noise utuations.
This artile aims at summarizing the main features of the antenna patterns of urrent GW
detetors: interferometers and resonant masses. In both ases, two types of GW are on-
sidered: GW generated in the General Relativity framework (tensorial GW) and salar GW
predited by alternative theories of gravity  see [10℄ and referenes therein for a review of
these theories. In partiular, as an original ontribution to this topi, the analytial form of
the interferometer antenna pattern for salar GW is omputed.
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2 Geometrial aspets and notations
To desribe the eet of a GW on the spatial metri, let us start with its 'proper frame' dened
in Figure 1 for details. The GW propagates along the third axis of the frame, while the two
rst are hosen aligned with the indued perturbations, loated in the transverse plane.
n
e
ψ
x
propa
e
+
Figure 1: GW loal frame in whih the GW tensor an be simply written. The angle  
is an additional degree of freedom, taking into aount rotations of the frame around the
soure-Earth line.
In General Relativity, a GW is desribed in the Transverse-Traeless gauge by two time-
dependent polarizations: h
+
et h

. In its proper frame, the tensor measuring the spatial
perturbation indued by the GW is simply:
H
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Adding a GW salar omponent b to the two tensorial ones simply requires to hange the two
non-zero diagonal terms of the tensor: h
+
! (h
+
+ b) and  h
+
! ( h
+
+ b). One gets:
H
salar
=
0

h
+
+ b h

0
h

 h
+
+ b 0
0 0 0
1
A
(2)
Now, to ompute antenna patterns, one needs to move from the GW proper frame to Earth-
based frames assoiated to GW detetors. A rst degree of freedom is visible in Figure 1:
let ~n
propa
be the unit vetor pointing from the GW soure to Earth; the GW proper axis 
2
loated in the plane perpendiular to this diretion  are dened through a rotation angle  
 the polarization angle  around ~n
propa
.
The position of the soure in the sky is monitored by three angles: two reording its loation
in a xed frame, plus a phase taking into aount the Earth proper rotational motion. The
most onvenient hoie is to use the 'equatorial frame' as its third diretion is aligned with the
Earth rotation axis; in this frame, a soure is labeled by its right asension  (a 'longitude')
and its delination Æ (a 'latitude'), both shown in Figure 2.
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Figure 2: Denition of the equatorial frame: the third diretion of the frame 'z' is aligned
with the Earth rotational axis while the rst one, 'x', points toward the vernal point.
Detetor positions on Earth are labeled by their latitudes l and their longitudes L (positive
west-wards by onvention). For detetors having privileged diretions like interferometers and
resonant masses, additional angles are required  see below and Figure 3 for the denition of
these loal angles.
 For an interferometer, two angles are mandatory: the angle  between the two arms 
it will be shown that  = 90
Æ
is optimal  and a angle , monitoring the loal orienta-
tion of the antenna on Earth. By onvention,  is hosen to be the angle between the
loal South-North diretion and the interferometer arm biseting line, ounted ounter-
lokwise. Table 1 summarizes these informations for the rst generation of large-sale
interferometers.
 For resonant bars, one angle is suient to desribe the bar loal orientation. In this
ase,  is dened as the angle between the South-North loal diretion and the bar axis,
ounted ounterlokwise again. Table 2 ontains geographial informations needed to
desribe the resonant bars urrently operated.
Finally, the loal hour angle H(t) is mandatory to take into aount the detetor motion with
respet to the elestial sphere due to Earth proper rotation. For a soure of right asension 
and a detetor of longitude L, it is dened as:
3
H(t) = t + T
Greenwih
(0)   ( + L) (3)
with T
Greenwih
(0) being the Greenwih sidereal time at 0h UT and   1:002737915
Æ
=hour,
as a sidereal day lasts approximately 23 hours and 56 minutes.
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Figure 3: Desription of GW detetor loal orientations.
Detetor Latitude l (
Æ
) Longitude L (
Æ
)  (
Æ
)  (
Æ
)
ACIGA [11℄ -31.4 -115.7 90.0 Not deided
GEO600 [12℄ 52.3 -9.8 94.3 158.8
LIGO Hanford [13℄ 46.5 119.4 90.0 261.8
LIGO Livingston [13℄ 30.6 90.8 90.0 333.0
TAMA300 [14℄ 35.7 -139.5 90.0 315.0
Virgo [15℄ 43.6 -10.5 90.0 206.5
Table 1: Interferometer loations on Earth
Detetor Latitude l (
Æ
) Longitude L (
Æ
)  (
Æ
)
ALLEGRO [16℄ 30.5 -268.8 40.0
AURIGA [17℄ 45.4 -12.0 136.0
EXPLORER [18℄ 46.5 -6.2 141.0
NAUTILUS [19℄ 41.8 -12.7 136.0
NIOBE [20℄ -31.9 -115.8 0.0
Table 2: Resonant bar loation on Earth
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3 Interferometer pattern
A GW detetor is sensitive to a linear ombination h(t) of the dierent GW polarizations:
h(t) = F
+
(t)h
+
(t) + F

(t)h

(t)
| {z }
General Relativity tensorial GW
+ F
b
(t) b(t)
| {z }
Salar GW
(4)
The weighting fators F
+
, F

and F
b
are alled antenna pattern funtions. To ompute them
analytially, one needs to transport the GW perturbation tensor from the GW frame to the
detetor loal frame. Using the angles introdued in the previous setion, this transformation
an be split into three rotations: GW proper frame! elestial sphere frame! frame entered
on the detetor ! detetor loal frame. If P is the full transformation matrix, the GW
perturbation matrix M expressed in the detetor loal frame is equal to:
M =
t
P  H  P (5)
The antenna pattern funtions are nally omputed from the M matrix oeients, using a
formula whih depends on the type of GW detetor onsidered.
3.1 Tensorial GW
Let ~n
1
and ~n
2
be unit vetors along the interferometer arms; the interation between the GW
and the antenna an be written [3℄:
h =
1
2
 
t
~n
1
 M  ~n
1
 
t
~n
2
 M  ~n
2

(6)
with M the GW perturbation tensor dened above in Eq. (5). After extensive alulations,
the nal form of the 'General Relativity' antenna pattern funtions F
+
and F

is given by
[3, 8, 21℄:

F
+
F


= sin

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
a
b

(7)
with
a =  
1
16
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1
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1
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1
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 
3
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2
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Æ
b =   os 2 sin l sin Æ os 2H +
1
4
sin2 ( 3   os 2l ) sin Æ sin 2H
  os 2 os l os Æ osH +
1
2
sin 2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Looking at the previous expressions, one an note that the dependene in the  and  angles
are fatorized: the polarization angle  simply introdues a rotation of the antenna pattern,
while the F oeients are learly maximal for orthogonal arms. The a and b funtions have
no partiular physial meaning: their distributions dier from one interferometer to the other.
On the other hand, the ombination
p
a
2
+ b
2
has a unique distribution for all detetors, see
Setion 4.
3.2 Salar GW
For a salar GW, the antenna pattern funtion is omputed by following exatly the same
proedure. Original alulations give:
F
b
=
sin
2
[K
s
sin 2 + K

os 2 ℄ (8)
with
K
s
= sin
2
H os
2
Æ   sin
2
l os
2
Æ os
2
H   os
2
l sin
2
Æ +
1
2
sin 2 sin 2Æ osH
K

= sin l os
2
Æ sin 2H + os l sin 2Æ sinH
Like for tensorial GW, sin is a saling fator for the interferometer response, oming diretly
from Eq. (6) and the loal orientation angle  dependene is fatorized. But the most
important feature here is that F
b
does not depend on the polarization angle  .
4 Interferometer antenna pattern interpretation
To understand the shapes of these antenna pattern funtions, it is interesting to re-express
them in a partiular frame, shown in Figure 4; its two rst axis are along the detetor arms,
thus assumed to be perpendiular, whih is the ase for all interferometers apart GEO600
whih exhibits only a small deviation from this optimal situation  see Table 1. These expres-
sions are simple enough to explain the main features of the interferometer patterns.
Using the spherial angles introdued in Figure 4, one gets:
F
+
=
1
2
( 1 + os
2
 ) os(2) os(2 )   os  sin(2) sin(2 ) (9)
F

=
1
2
( 1 + os
2
 ) os(2) sin(2 ) + os  sin(2) os(2 ) (10)
F
b
=
1
2
sin
2
 os(2) (11)
The expressions for F
+
and F

are well-known  for instane, they an be found in Ref.
[1℄  and present the same strutures than Eq. (7). It is lear that F
+;
and F
b
are very
dierent. First, jF
b
j  1=2, whih means that at best 50% of the salar GW amplitude an
be reovered in an interferometer. This feature strongly limits the potential of suh antennas
for the detetion of salar signals.
On the other hand, F
+
and F

an reah 1; extremizing them requires os  = 1, i.e. a GW
perpendiular to the interferometer plane  on the other hand, for these diretions, F
b
= 0.
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Figure 4: Interferometer loal frame: its two rst diretions are aligned with the detetor arms
(assumed to be perpendiular) and spherial oordinates (; ) are introdued.
One an also note that F
+
and F

are zero in four diretions belonging to the interferometer
plane, dened by (os 2 = 0): along the arm biseting line and in the perpendiular diretion.
As F
+
and F

depend on the polarization angle  , they have a zero mean in any diretion of
the sky. Therefore, still following Ref. [8℄, one introdues the  -independent quantity F to
quantify the strength of the interferometer pattern in a given diretion:
F =
s
F
2
+
+ F
2

2
(12)
The squares ensure a non-anellation of terms; while the square root redues F to a quantity
homogeneous to a GW amplitude  the meaningful quantity for what onerns GW detetion.
Finally, the fator 1=
p
2 is simply a onvention 'averaging' the two squared terms, validated
below when interpretations of F will be given. From Eq. (7), it is lear that
q
F
2
+
+ F
2

, the
norm of the vetor (F
+
; F

), is a  -independent quantity. Indeed, one has:
q
F
2
+
+ F
2

= j sin j
2
p
a
2
+ b
2
(13)
The previous equation explains why the distribution of the quantity
p
a
2
+ b
2
has a physial
meaning. In the following, the two quantities F (ranging from 0 to 1=
p
2 for perpendiular
arms) and jF
b
j will be used to ompare tensorial and salar antenna patterns. The mean value
of F is nothing but the ommon RMS of the antenna patterns F
+
and F

, whih have 0-mean
due to their  -dependene.
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5 Viewing GW antenna patterns: the sky maps
A onvenient way to visualize the antenna pattern of GW detetors is to use two-dimensional
density plots, the sky maps [3, 8℄. Any diretion in the sky is loated by a ouple of oordinates
 (; os ) or (; sin Æ) depending on the hosen frame
1
 and the antenna pattern amplitude is
represented by a olor ode. As a rst example, Figure 5 shows F and jF
b
j in the interferometer
loal frame  (; os ). All features mentioned in the previous setion are learly visible.
Figure 5: Antenna pattern omparison in the interferometer loal frame (; os ): top plot,
tensorial pattern; bottom plot, salar pattern. F has four zeros in the interferometer plane
(inoming wave along the arm biseting line) and is maximal for normal inidene. On the
other hand, jF
b
j is maximal for GW oming along one arm and null for GW perpendiular to
the antenna.
In this partiular frame, the antenna patterns look 'repetitive'. To see more 'attrative'
pitures, one an reompute the same diagrams in a general frame, independent from any
interferometer. This hange modies the pattern shapes, but not their harateristis.
Therefore, now labeling the soure position by the ouple (; sin Æ), the Virgo antenna pat-
1
In both ases, the seond variable is not the angle itself but rather its sine, in order to get a uniform
overage of the elestial sphere.
8
terns
2
 for tensorial and salar GW  are shown in Figure 6. The two rosses show the
diretions perpendiular to the interferometer plane, represented by the urved dashed line.
Figure 6: GW antenna pattern (; sin Æ) for the Virgo detetor. The two marks show the
diretions perpendiular to the detetor plane, represented by the dashed line. In this way,
one an hek that the two diagrams present the expeted features, already visible in Figure 5.
To onlude on interferometer pattern sky maps, Figures 7 and 8 ompare the antenna patterns
of the six rst generation interferometers, for tensorial and salar GW respetively. For both
plots, the loal orientation of ACIGA has been hosen in order to optimize its ontribution to
a full-sized network inluding all interferometers, assumed to have idential sensitivities. This
orresponds to 
ACIGA
 0
Æ
 modulo 90
Æ
due to the -dependene of all antenna patterns.
A last way to ompare tensorial and salar antenna patterns is to ompute their probability
distributions, assuming a uniform distribution of soures in the sky.
Results are shown in Figure 9: both distributions have zero mean; the F
b
plot sharply peaks
around zero while the F
+;
distribution  idential for F
+
and F

as expeted  is approxi-
mately at between -0.5 and 0.5, before dereasing on the edges of the plot.
2
To ompute suh antenna patterns, the origin of the angle  is hosen arbitrarily  indeed, at a given
sidereal time, Earth proper motion leads to a horizon tal shift of the pattern by a phase t + T
Greenwih
(0) .
The important point to ensure a proper omparison between various interferometers is that all sky maps are
omputed using the same origin for .
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Figure 7: First generation interferometer antenna patterns for tensorial GW. The dashed
straight lines ross eah other in the two diretions perpendiular to the interferometer plane
 for whih the antenna response is optimal  while the urved dashed line shows the loation
of the interferometer plane in whih are loated the four blind diretions for suh detetors.
6 Resonant bar pattern
The same proedure an be applied to resonant bars to ompute their antenna patterns. Due to
the bar axisymmetrial shape, the three funtions F
+
, F

and F
b
are found to be proportional
to sin
2
(
pol
), where 
pol
is the polar angle with respet to the bar axis. Therefore, one an see
immediately that diretions perpendiular to the bar are strongly favored, while the resonant
mass is blind along its axis. Indeed, let us dene two angular funtions:
A
bar
= os  sin l sinH + sin osH (14)
B
bar
= os  sin l sin Æ osH + os  os l os Æ   sin sin Æ sinH (15)
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Figure 8: First generation interferometer antenna patterns for salar GW. As expeted, dire-
tions perpendiular to the detetor plane are blind, while optimal responses are found along
the arms, thus shifted from 45
Æ
with respet to the blind diretions for tensorial GW.
In term of these variables, the bar pattern funtions are the following:
F
+
=

A
2
bar
  B
2
bar

os 2 + 2A
bar
B
bar
sin 2 (16)
F

= 2A
bar
B
bar
os 2  

A
2
bar
  B
2
bar

sin 2 (17)
) F =
A
2
bar
+ B
2
bar
p
2
(18)
F
b
= A
2
bar
+ B
2
bar
=
p
2 F = sin
2
( 
pol
) (19)
The previous equations show that for resonant bars, the knowledge of F  indeed proportional
to the sine squared of the polar angle  is suient to desribe all antenna patterns, both for
tensorial and salar GW. In addition, like for interferometers, the salar antenna pattern is
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GR GW pattern distribution
Scalar GW pattern distribution
Figure 9: General Relativity and salar GW pattern distributions, assuming a uniform distri-
bution of soures in the sky:  and  uniform in [ ;℄ and sin Æ uniform in [ 1; 1℄. Both
distributions have zero mean and their RMS  equal to the mean values of F  are respetively
1=
p
5 (tensorial GW) and 1=
p
15 (salar GW). Vertial sales are arbitrary.
independent from the polarization angle  . Yet, F
b
is not bounded by 0:5 but an reah 1
in ase of optimal orientation of the soure: at equal sensitivities, bars appear more suitable
than interferometers for the detetion of salar GW.
As predited by Eq. (19), the distribution of F has the same shape as the distribution of a
sine squared whose osine is uniform between -1 and 1  see Figure 10. It peaks at its maximal
value whih is reahed on a great irle in the sky.
Finally, Figure 11 ompares the antenna patterns of the ve bars urrently running. Con-
trary to interferometers  f. Figures 7 or 8 , the bars are almost aligned to optimize the
performanes of the network they form; therefore, their antenna patterns are very similar. As
expeted from the dependene on sin
2
(
pol
) previously mentioned, a bar is optimally sensitive
to GW perpendiular to its axis and blind along it. These patterns are valid both for tensorial
and salar GW.
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Resonant bar GW pattern distribution
Figure 10: Distribution of F for a resonant bar, assuming a uniform distribution of soures
in the sky. As expeted, it has the same shape as the distribution of a sine squared whose
osine is drawn uniformly between -1 and 1. Its mean value  whih is also the RMS of the
zero-mean funtions F
+
and F

 is equal to
p
2=3.
7 Conlusion
The antenna patterns of interferometers and resonant bars have been analytially omputed
in this artile, both for tensorial and salar GW. They are learly non uniform on the elestial
sphere and in addition they depend on the types of detetor suh as on the GW radiation
onsidered. Interferometer antenna patterns are more ompliated than resonant bar shapes,
whih exhibit an axisymmetry. The latter detetors appear more suitable to searh for salar
GW waves, provided that they an reah the same sensitivities than interferometers and that
the GW emission is mostly loated in the resonant bar sensitivity frequeny range.
In the future, this situation may evolve with the introdution of spherial resonant detetors.
Indeed, these have various advantages with respet to resonant bars  see e.g. [22℄  : in par-
tiular, their response is independent from the soure loation and from the GW polarization!
In addition, using a single detetor, one an merge information oming from the ve quadrupole
modes and from the monopole mode of the sphere to fully reonstrut the GW tensor and the
soure loation in the sky... This inverse problem has been solved in the presene of Gaussian
and independent noises in the dierent sensors, either using a maximum likelihood method
[23℄ or only linear algebra [24℄. Prototypes of suh generators [25, 26, 27℄ are urrently being
developed worldwide.
13
Figure 11: Comparison of the resonant bar antenna patterns. They are all similar as the ve
resonant bars are almost parallel. One an also note that they have their better sensitivity
for GW perpendiular to their axis and that they are blind for GW parallel to it. These plots
are valid both for tensorial and salar GW.
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